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Overview

I background: model checking

I on-the-fly ample set POR
I Peled, CAV 1994; FMSD 1996

I Combining partial order reductions with on-the-fly model-checking

I Holzmann & Peled, FORTE 1994
I An improvement in formal verification

I ∼2009: gap in proof

I fix the proof? find a counterexample?

I heard talk by Pamela Zave on using Alloy to find defect in Chord

I used Alloy to model on-the-fly ample set POR

I counterexample! (in theory and in Spin)

I a fix
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Background: Model Checking

I an automated approach to the verification of software and hardware systems
I integrated circuits
I network protocols
I software: programs written in C, Java, machine language, . . .

I particularly effective for concurrent systems
I multithreaded programs, . . .

I many robust, widely-used model checking tools
I Spin — has its own input language, Promela, highly optimized
I Divine (C++), CIVL (C+. . . ), NuSMV, Java PathFinder (Java), . . .
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Using a Model Checker: 3 Tasks

1. represent the system/program as a finite-state transition system

2. specify correctness properties you wish to check
I example “at most one thread is in the critical section at any time”
I temporal logic, automata, . . .

3. apply automated algorithmic (graph, automata, . . . ) techniques to check that all
executions of the program satisfy the properties
I typically: explore the reachable states of the program
I simultaneously updating a property automaton
I report a violation as soon as an accepting cycle is detected
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Example: mutual exclusion: Promela program

bool lock = false;

int ncrit = 0;

active [2] proctype thread() {

do

:: atomic { !lock -> lock = true }

ncrit++;

// ...this is the critical section...

ncrit--;

lock = false

od

}
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Example: mutual exclusion: state-transition system

0

1

2

3

¬l l← t

ncrit++

ncrit--

l← f

0

1

2

3

¬l l← t

ncrit++

ncrit--

l← f

〈0, 0, f, 0〉

〈1, 0, t, 0〉

〈2, 0, t, 1〉

〈3, 0, t, 0〉

〈0, 1, t, 0〉

〈0, 2, t, 1〉

〈0, 3, t, 0〉

Thread 0 Thread 1

States: 〈pc0, pc1, l, ncrit〉
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Example: mutual exclusion: property specification

I an execution specifies a sequence of states

I a property specifies which state sequences are OK

I properties may be specified in natural language, using LTL formulas, or automata

I natural language: “ncrit is always at most 1”
I linear temporal logic (LTL): G(ncrit ≤ 1)

I G p = “henceforth p” (“from now on”, “always”)
I F p = “eventually p”
I p U q = “p until q”

I Büchi automaton (negated) . . .
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I Büchi automaton (negated) . . .

7 S.F.Siegel � Subodh’s Class � Algorithmic Analysis of POR Scheme Using Alloy



Example: mutual exclusion: property specification

I an execution specifies a sequence of states

I a property specifies which state sequences are OK

I properties may be specified in natural language, using LTL formulas, or automata

I natural language: “ncrit is always at most 1”
I linear temporal logic (LTL): G(ncrit ≤ 1)

I G p = “henceforth p” (“from now on”, “always”)
I F p = “eventually p”
I p U q = “p until q”
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Büchi automata

A Büchi automaton is a tuple
B = 〈S,∆,Σ, δ, F 〉,

where

1. S is a finite set of automaton states

2. ∆ ⊆ S is the set of initial states

3. Σ is a finite set called the alphabet

4. δ ⊆ S × Σ× S is the transition relation

5. F ⊆ S is the set of accepting states.

The language of B, denoted L(B), is the set of all ξ ∈ Σω generated by infinite paths in B that
pass through an accepting state infinitely often.
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Examples of Büchi automata, Σ = {a, b, c}

“eventually a” “never a” “after some b, a occurs before c”

<latexit sha1_base64="e/UTDlgDM/qowXq5CNJODr+O8/E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdovV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVn1rqtu46pSu8jjKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPvhGM0w==</latexit>a
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<latexit sha1_base64="d7POMkQNurONH8yCK8IJOtKVkYM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjaBfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVfdxlWldpHHUYQTOIVz8OAGanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fv5WM1A==</latexit>

b

<latexit sha1_base64="d7POMkQNurONH8yCK8IJOtKVkYM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjaBfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVfdxlWldpHHUYQTOIVz8OAGanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fv5WM1A==</latexit>

b

2
<latexit sha1_base64="3JAVF+wSyTKSytq1WJlres+jfw4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KCURRY8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1FjJp7WwxvqVqlt35yCrxCtIFQo0+5Wv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg2yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZW0Luvedd19uKo2akUcJTiFM7gAD26gAffQBB8YcHiGV3hzpPPivDsfi9Y1p5g5gT9wPn8ABMaOGA==</latexit>

a, b, c

<latexit sha1_base64="WwRGu8vaXXK+ABnkRvG691vbAu8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdYvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVn1rqtu46pSu8jjKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPwRmM1Q==</latexit>c
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Examples of Büchi automata, Σ = {a, b, c}
“eventually a”

“never a” “after some b, a occurs before c”

<latexit sha1_base64="e/UTDlgDM/qowXq5CNJODr+O8/E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdovV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVn1rqtu46pSu8jjKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPvhGM0w==</latexit>a

0

1

<latexit sha1_base64="O6B3Dlf5R8SpkNHJ5drfRYsBjIA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBQymJKHosePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD0GV9csVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1Lyrmnt/WalX8ziKcAKncA4eXEMd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPjGo13</latexit>

b, c

<latexit sha1_base64="3JAVF+wSyTKSytq1WJlres+jfw4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KCURRY8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1FjJp7WwxvqVqlt35yCrxCtIFQo0+5Wv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg2yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZW0Luvedd19uKo2akUcJTiFM7gAD26gAffQBB8YcHiGV3hzpPPivDsfi9Y1p5g5gT9wPn8ABMaOGA==</latexit>

a, b, c

<latexit sha1_base64="e/UTDlgDM/qowXq5CNJODr+O8/E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdovV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVn1rqtu46pSu8jjKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPvhGM0w==</latexit>a

0

1

<latexit sha1_base64="O6B3Dlf5R8SpkNHJ5drfRYsBjIA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBQymJKHosePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD0GV9csVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1Lyrmnt/WalX8ziKcAKncA4eXEMd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPjGo13</latexit>

b, c

<latexit sha1_base64="3JAVF+wSyTKSytq1WJlres+jfw4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KCURRY8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1FjJp7WwxvqVqlt35yCrxCtIFQo0+5Wv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg2yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZW0Luvedd19uKo2akUcJTiFM7gAD26gAffQBB8YcHiGV3hzpPPivDsfi9Y1p5g5gT9wPn8ABMaOGA==</latexit>

a, b, c <latexit sha1_base64="e/UTDlgDM/qowXq5CNJODr+O8/E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdovV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVn1rqtu46pSu8jjKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPvhGM0w==</latexit>a

0

1

<latexit sha1_base64="3JAVF+wSyTKSytq1WJlres+jfw4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KCURRY8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1FjJp7WwxvqVqlt35yCrxCtIFQo0+5Wv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg2yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZW0Luvedd19uKo2akUcJTiFM7gAD26gAffQBB8YcHiGV3hzpPPivDsfi9Y1p5g5gT9wPn8ABMaOGA==</latexit>

a, b, c

<latexit sha1_base64="d7POMkQNurONH8yCK8IJOtKVkYM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjaBfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVfdxlWldpHHUYQTOIVz8OAGanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fv5WM1A==</latexit>

b

<latexit sha1_base64="d7POMkQNurONH8yCK8IJOtKVkYM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjaBfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVfdxlWldpHHUYQTOIVz8OAGanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fv5WM1A==</latexit>

b

2
<latexit sha1_base64="3JAVF+wSyTKSytq1WJlres+jfw4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KCURRY8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1FjJp7WwxvqVqlt35yCrxCtIFQo0+5Wv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg2yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZW0Luvedd19uKo2akUcJTiFM7gAD26gAffQBB8YcHiGV3hzpPPivDsfi9Y1p5g5gT9wPn8ABMaOGA==</latexit>

a, b, c

<latexit sha1_base64="WwRGu8vaXXK+ABnkRvG691vbAu8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdYvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVn1rqtu46pSu8jjKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPwRmM1Q==</latexit>c
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Examples of Büchi automata, Σ = {a, b, c}
“eventually a” “never a”

“after some b, a occurs before c”

<latexit sha1_base64="e/UTDlgDM/qowXq5CNJODr+O8/E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdovV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVn1rqtu46pSu8jjKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPvhGM0w==</latexit>a

0

1

<latexit sha1_base64="O6B3Dlf5R8SpkNHJ5drfRYsBjIA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBQymJKHosePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD0GV9csVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1Lyrmnt/WalX8ziKcAKncA4eXEMd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPjGo13</latexit>

b, c

<latexit sha1_base64="3JAVF+wSyTKSytq1WJlres+jfw4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KCURRY8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1FjJp7WwxvqVqlt35yCrxCtIFQo0+5Wv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg2yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZW0Luvedd19uKo2akUcJTiFM7gAD26gAffQBB8YcHiGV3hzpPPivDsfi9Y1p5g5gT9wPn8ABMaOGA==</latexit>

a, b, c

<latexit sha1_base64="e/UTDlgDM/qowXq5CNJODr+O8/E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdovV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVn1rqtu46pSu8jjKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPvhGM0w==</latexit>a

0

1

<latexit sha1_base64="O6B3Dlf5R8SpkNHJ5drfRYsBjIA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBQymJKHosePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD0GV9csVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1Lyrmnt/WalX8ziKcAKncA4eXEMd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPjGo13</latexit>

b, c

<latexit sha1_base64="3JAVF+wSyTKSytq1WJlres+jfw4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KCURRY8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1FjJp7WwxvqVqlt35yCrxCtIFQo0+5Wv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg2yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZW0Luvedd19uKo2akUcJTiFM7gAD26gAffQBB8YcHiGV3hzpPPivDsfi9Y1p5g5gT9wPn8ABMaOGA==</latexit>

a, b, c

<latexit sha1_base64="e/UTDlgDM/qowXq5CNJODr+O8/E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdovV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVn1rqtu46pSu8jjKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPvhGM0w==</latexit>a

0

1

<latexit sha1_base64="3JAVF+wSyTKSytq1WJlres+jfw4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KCURRY8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1FjJp7WwxvqVqlt35yCrxCtIFQo0+5Wv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg2yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZW0Luvedd19uKo2akUcJTiFM7gAD26gAffQBB8YcHiGV3hzpPPivDsfi9Y1p5g5gT9wPn8ABMaOGA==</latexit>

a, b, c

<latexit sha1_base64="d7POMkQNurONH8yCK8IJOtKVkYM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjaBfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVfdxlWldpHHUYQTOIVz8OAGanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fv5WM1A==</latexit>

b

<latexit sha1_base64="d7POMkQNurONH8yCK8IJOtKVkYM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjaBfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVfdxlWldpHHUYQTOIVz8OAGanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fv5WM1A==</latexit>

b

2
<latexit sha1_base64="3JAVF+wSyTKSytq1WJlres+jfw4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KCURRY8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1FjJp7WwxvqVqlt35yCrxCtIFQo0+5Wv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg2yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZW0Luvedd19uKo2akUcJTiFM7gAD26gAffQBB8YcHiGV3hzpPPivDsfi9Y1p5g5gT9wPn8ABMaOGA==</latexit>

a, b, c

<latexit sha1_base64="WwRGu8vaXXK+ABnkRvG691vbAu8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdYvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVn1rqtu46pSu8jjKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPwRmM1Q==</latexit>c
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Examples of Büchi automata, Σ = {a, b, c}
“eventually a” “never a” “after some b, a occurs before c”

<latexit sha1_base64="e/UTDlgDM/qowXq5CNJODr+O8/E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdovV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVn1rqtu46pSu8jjKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPvhGM0w==</latexit>a

0

1

<latexit sha1_base64="O6B3Dlf5R8SpkNHJ5drfRYsBjIA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBQymJKHosePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD0GV9csVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1Lyrmnt/WalX8ziKcAKncA4eXEMd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPjGo13</latexit>

b, c

<latexit sha1_base64="3JAVF+wSyTKSytq1WJlres+jfw4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KCURRY8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1FjJp7WwxvqVqlt35yCrxCtIFQo0+5Wv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg2yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZW0Luvedd19uKo2akUcJTiFM7gAD26gAffQBB8YcHiGV3hzpPPivDsfi9Y1p5g5gT9wPn8ABMaOGA==</latexit>

a, b, c

<latexit sha1_base64="e/UTDlgDM/qowXq5CNJODr+O8/E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdovV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVn1rqtu46pSu8jjKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPvhGM0w==</latexit>a

0

1

<latexit sha1_base64="O6B3Dlf5R8SpkNHJ5drfRYsBjIA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBQymJKHosePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD0GV9csVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1Lyrmnt/WalX8ziKcAKncA4eXEMd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPjGo13</latexit>

b, c

<latexit sha1_base64="3JAVF+wSyTKSytq1WJlres+jfw4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KCURRY8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1FjJp7WwxvqVqlt35yCrxCtIFQo0+5Wv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg2yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZW0Luvedd19uKo2akUcJTiFM7gAD26gAffQBB8YcHiGV3hzpPPivDsfi9Y1p5g5gT9wPn8ABMaOGA==</latexit>

a, b, c <latexit sha1_base64="e/UTDlgDM/qowXq5CNJODr+O8/E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdovV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVn1rqtu46pSu8jjKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPvhGM0w==</latexit>a

0

1

<latexit sha1_base64="3JAVF+wSyTKSytq1WJlres+jfw4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KCURRY8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1FjJp7WwxvqVqlt35yCrxCtIFQo0+5Wv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg2yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZW0Luvedd19uKo2akUcJTiFM7gAD26gAffQBB8YcHiGV3hzpPPivDsfi9Y1p5g5gT9wPn8ABMaOGA==</latexit>

a, b, c

<latexit sha1_base64="d7POMkQNurONH8yCK8IJOtKVkYM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjaBfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVfdxlWldpHHUYQTOIVz8OAGanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fv5WM1A==</latexit>

b

<latexit sha1_base64="d7POMkQNurONH8yCK8IJOtKVkYM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjaBfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVfdxlWldpHHUYQTOIVz8OAGanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fv5WM1A==</latexit>

b

2
<latexit sha1_base64="3JAVF+wSyTKSytq1WJlres+jfw4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KCURRY8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1FjJp7WwxvqVqlt35yCrxCtIFQo0+5Wv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg2yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZW0Luvedd19uKo2akUcJTiFM7gAD26gAffQBB8YcHiGV3hzpPPivDsfi9Y1p5g5gT9wPn8ABMaOGA==</latexit>

a, b, c

<latexit sha1_base64="WwRGu8vaXXK+ABnkRvG691vbAu8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdYvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVn1rqtu46pSu8jjKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPwRmM1Q==</latexit>c
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Using Büchi automata to specify program properties

I first, identify the set AP of atomic propositions
I an atomic proposition is either true or false in each state
I example: p = (ncrit ≤ 1)

I the alphabet Σ of the Büchi Automaton is 2AP

I an element of Σ is a set of atomic propositions
I interpretation: the set of propositions which are true in that state

I example: AP = {p}
I Σ = {{p}, ∅}
I {p}: p is true
I ∅: p is false

I each execution yields a trace, which is an infinite word in Σ

I the BA specifies which infinite words violate the property

I example: a trace violating “always ncrit ≤ 1”:

0

1

<latexit sha1_base64="YYWxarcbzT/TaFH8frt+tv2YPM0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFYwX5AE8pmu2nXbnbD7kYoof/BiwdFvPp/vPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFg5kmNIjxSLCIEWys1PGzxJ9VBtWaW3fnQKvEK0gNCrQG1S9/KEkaU2EIx1r3PTcxQYaVYYTTWcVPNU0wmeAR7VsqcEx1kM2vnaEzqwxRJJUtYdBc/T2R4VjraRzazhibsV72cvE/r5+a6CbImEhSQwVZLIpSjoxE+etoyBQlhk8twUQxeysiY6wwMTagPARv+eVV0rmse1d1975Ra14UcZThBE7hHDy4hibcQQvaQOARnuEV3hzpvDjvzseiteQUM8fwB87nDzG2js4=</latexit>{p}

<latexit sha1_base64="GhkiRHdeGZlGZ+cjJq3Uw/o+B5M=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgoZREFD0WvHisYD+gCWWznbRLN8myOymE0H/ixYMiXv0n3vw3Jm0O2vpg4PHeDDPzfCm4Rtv+Niobm1vbO9Xd2t7+weGReXzS1XGiGHRYLGLV96kGwSPoIEcBfamAhr6Anj+9L/zeDJTmcfSEqQQvpOOIB5xRzKWhaboQSkw1YMPNpDuvDc263bQXsNaJU5I6KdEeml/uKGZJCBEyQbUeOLZEL6MKORMwr7mJBknZlI5hkNOIhqC9bHH53LrIlZEVxCqvCK2F+nsio6HWaejnnSHFiV71CvE/b5BgcOdlPJIJQsSWi4JEWBhbRQzWiCtgKNKcUKZ4fqvFJlRRhnlYRQjO6svrpHvVdG6a9uN1vdUo46iSM3JOLolDbkmLPJA26RBGZuSZvJI3IzNejHfjY9laMcqZU/IHxucPWwSTZg==</latexit>
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I an element of Σ is a set of atomic propositions
I interpretation: the set of propositions which are true in that state

I example: AP = {p}
I Σ = {{p}, ∅}
I {p}: p is true
I ∅: p is false

I each execution yields a trace, which is an infinite word in Σ

I the BA specifies which infinite words violate the property

I example: a trace violating “always ncrit ≤ 1”:

0

1

<latexit sha1_base64="YYWxarcbzT/TaFH8frt+tv2YPM0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFYwX5AE8pmu2nXbnbD7kYoof/BiwdFvPp/vPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFg5kmNIjxSLCIEWys1PGzxJ9VBtWaW3fnQKvEK0gNCrQG1S9/KEkaU2EIx1r3PTcxQYaVYYTTWcVPNU0wmeAR7VsqcEx1kM2vnaEzqwxRJJUtYdBc/T2R4VjraRzazhibsV72cvE/r5+a6CbImEhSQwVZLIpSjoxE+etoyBQlhk8twUQxeysiY6wwMTagPARv+eVV0rmse1d1975Ra14UcZThBE7hHDy4hibcQQvaQOARnuEV3hzpvDjvzseiteQUM8fwB87nDzG2js4=</latexit>{p}

<latexit sha1_base64="GhkiRHdeGZlGZ+cjJq3Uw/o+B5M=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgoZREFD0WvHisYD+gCWWznbRLN8myOymE0H/ixYMiXv0n3vw3Jm0O2vpg4PHeDDPzfCm4Rtv+Niobm1vbO9Xd2t7+weGReXzS1XGiGHRYLGLV96kGwSPoIEcBfamAhr6Anj+9L/zeDJTmcfSEqQQvpOOIB5xRzKWhaboQSkw1YMPNpDuvDc263bQXsNaJU5I6KdEeml/uKGZJCBEyQbUeOLZEL6MKORMwr7mJBknZlI5hkNOIhqC9bHH53LrIlZEVxCqvCK2F+nsio6HWaejnnSHFiV71CvE/b5BgcOdlPJIJQsSWi4JEWBhbRQzWiCtgKNKcUKZ4fqvFJlRRhnlYRQjO6svrpHvVdG6a9uN1vdUo46iSM3JOLolDbkmLPJA26RBGZuSZvJI3IzNejHfjY9laMcqZU/IHxucPWwSTZg==</latexit>

;, {p}

<latexit sha1_base64="UzlE6e1ABVb5xN6hvJa0AtT6DFI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBg5REFD0WvHisYGuxDWWznbRLN5uwOxFC6b/w4kERr/4bb/4bN20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v5B28Sp5tDisYx1J2AGpFDQQoESOokGFgUSHoLxTe4/PIE2Ilb3mCXgR2yoRCg4Qys99iBKMDOAlX615tbdGegy8QpSIwWa/epXbxDzNAKFXDJjup6boD9hGgWXMK30UgMJ42M2hK6likVg/Mns4ik9scqAhrG2pZDO1N8TExYZk0WB7YwYjsyil4v/ed0Uw2t/IlSSIig+XxSmkmJM8/fpQGjgKDNLGNfC3kr5iGnG0YaUh+AtvrxM2ud177Lu3l3UGmdFHGVyRI7JKfHIFWmQW9IkLcKJIs/klbw5xnlx3p2PeWvJKWYOyR84nz9rhJCt</latexit>

;

10 S.F.Siegel � Subodh’s Class � Algorithmic Analysis of POR Scheme Using Alloy



Automated technique: compute the sycnchronous product

〈0, 0, f, 0〉

〈1, 0, t, 0〉

〈2, 0, t, 1〉

〈3, 0, t, 0〉

〈0, 1, t, 0〉

〈0, 2, t, 1〉

〈0, 3, t, 0〉

⊗
0

1
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<latexit sha1_base64="UzlE6e1ABVb5xN6hvJa0AtT6DFI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBg5REFD0WvHisYGuxDWWznbRLN5uwOxFC6b/w4kERr/4bb/4bN20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v5B28Sp5tDisYx1J2AGpFDQQoESOokGFgUSHoLxTe4/PIE2Ilb3mCXgR2yoRCg4Qys99iBKMDOAlX615tbdGegy8QpSIwWa/epXbxDzNAKFXDJjup6boD9hGgWXMK30UgMJ42M2hK6likVg/Mns4ik9scqAhrG2pZDO1N8TExYZk0WB7YwYjsyil4v/ed0Uw2t/IlSSIig+XxSmkmJM8/fpQGjgKDNLGNfC3kr5iGnG0YaUh+AtvrxM2ud177Lu3l3UGmdFHGVyRI7JKfHIFWmQW9IkLcKJIs/klbw5xnlx3p2PeWvJKWYOyR84nz9rhJCt</latexit>

;

11 S.F.Siegel � Subodh’s Class � Algorithmic Analysis of POR Scheme Using Alloy
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Background: Partial Order Reduction

I POR is a model checking optimization
I POR can dramatically reduce the number of states that need to be explored in order to verify

certain properties
I the yes/no result should always be the same whether or not POR is used

I POR can only be applied when the property is stutter invariant
I let L ⊂ Σω (a set of infinite words over Σ)
I L is stutter invariant if for all a1, a2, . . . ∈ Σ, i1, i2, . . . ≥ 1:

a1a2 · · · ∈ L ⇔ ai11 a
i2
2 · · · ∈ L

I hence the property is invariant under repeating an entry (stuttering)

I and invariant under removing stutters of an entry (but leave at least one occurrence)

I all properties we have seen so far are stutter invariant

I all properties expressible with LTL operators F, G, U are stutter invariant

I almost any property you would ever want to express is stutter invariant
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Partial Order Reduction: intuition

I in a parallel program, an action α on local variables commutes with all actions β from
other threads
I the order of the two actions doesn’t matter
I you end up in the same state either way
I if the local action α can not change the value of any atomic proposition. . .
I . . . you only need to explore one of the two orders!

↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="ZqlhwJ6ptYMQkZr5VYQYsuRBV7I=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0TJgY2ER0XxAcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqt55QaR7LRzNO0I/oQPKQM2qs9HDX83rlilt1ZyDLxMtJBXLUe+Wvbj9maYTSMEG17nhuYvyMKsOZwEmpm2pMKBvRAXYslTRC7WezUyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtO/SZ8rZEaMLaFMcXsrYUOqKDM2nZINwVt8eZk0z6veZdW9v6jUTvI4inAEx3AGHlxBDW6hDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDwOWNWg==</latexit>

L1

<latexit sha1_base64="9FIjCqzKME03UqYnnas5ry+yLVw=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhSswl1QtAzYWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjrVXulsltxZyDLxMtJGXLUe6Wvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezUyfkzCp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtO/SZ8rZEaMLaFMcXsrYUOqKDM2naINwVt8eZk0qxXvsuLeX5Rrp3kcBTiGEzgHD66gBrdQhwYwGMAzvMKbI5wX5935mLeuOPnMEfyB8/kDwmmNWw==</latexit>

L2

<latexit sha1_base64="ZqlhwJ6ptYMQkZr5VYQYsuRBV7I=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0TJgY2ER0XxAcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqt55QaR7LRzNO0I/oQPKQM2qs9HDX83rlilt1ZyDLxMtJBXLUe+Wvbj9maYTSMEG17nhuYvyMKsOZwEmpm2pMKBvRAXYslTRC7WezUyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtO/SZ8rZEaMLaFMcXsrYUOqKDM2nZINwVt8eZk0z6veZdW9v6jUTvI4inAEx3AGHlxBDW6hDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDwOWNWg==</latexit>

L1

<latexit sha1_base64="9FIjCqzKME03UqYnnas5ry+yLVw=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhSswl1QtAzYWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjrVXulsltxZyDLxMtJGXLUe6Wvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezUyfkzCp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtO/SZ8rZEaMLaFMcXsrYUOqKDM2naINwVt8eZk0qxXvsuLeX5Rrp3kcBTiGEzgHD66gBrdQhwYwGMAzvMKbI5wX5935mLeuOPnMEfyB8/kDwmmNWw==</latexit>

L2

I one path yields trace · · ·L1L1L2 · · ·
I other path yields trace · · ·L1L2L2 · · ·
I stutter equivalent!

I either both paths satisfy the property or both violate
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Definitions: Programs

A program consists of

I a set Q of states

I an initial state ι ∈ Q
I a set T of operations

I each α ∈ T is a (deterministic) function α : enα → Q, for some enα ⊆ Q

Example:

A

B
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Q = {A,B}
ι = A

T = {α, β}
enα = {A,B}
enβ = {A}

I for q ∈ Q, define en(q) = {α ∈ T | q ∈ enα}
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Program Traces

I let AP be a set of atomic propositions

I an interpretation is a function L : Q→ Σ = 2AP

I L(P ) ⊆ Σω is the set of infinite traces

L(q0)L(q1) · · ·

where ι = q0 → q1 → · · · is an infinite initial path in P
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AP = {p}
L(A) = ∅
L(B) = {p}

∅∅∅{p}ω ∈ L(P )
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Properties

I a property is a subset of Σω

I a Büchi automaton B with alphabet Σ specifies the property Σω \ L(B)
I the program violates the property if L(P ) ∩ L(B) 6= ∅

0 1?
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I violation: ∅∅∅{p}ω ∈ L(P ) ∩ L(B)
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I alphabet: T × Σ, states: Q× S, (q, s) accepting ⇔ s accepting

I transitions:

q s s′ (q, s) (q, s′)

q′ (q′, s′)

α

L(q) L(q)

α,L(q)
α

L(P ⊗ B) = L(P ) ∩ L(B)

0 1?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> {p}

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

A

B

?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

{p}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

A1A0

B1B0

?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

↵,?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�,?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

↵,?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�,?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

↵, {p}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⌦
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

18 S.F.Siegel � Subodh’s Class � Algorithmic Analysis of POR Scheme Using Alloy



Product automaton

Given program P = (Q,T, ι) and Büchi automaton B with states S:
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Partial Order Reduction

I A = P ⊗ B
I explore a sub-automaton A′ ⊆ A such that L(A′) = ∅⇔ L(A) = ∅

I “offline” POR: A′ = P ′ ⊗ B. “on-the-fly” POR: not necessarily
I on-the-fly ample set POR

I given (q, s) ∈ Q× S, specify amp(q, s) ⊆ en(q)
I define A′:

q s s′ (q, s) (q, s′)

q′ (q′, s′)

α

L(q) L(q)

α,L(q)
α

α ∈ amp(q, s′)
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Dependence and visibility

Definition
Two operations α, β ∈ T are independent if for
all q ∈ enα ∩ enβ:

1. α(q) ∈ enβ

2. β(q) ∈ enα and

3. α(β(q)) = β(α(q)).
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An operation α ∈ T is invisible if, for all q ∈ enα:
L(q) = L(α(q)).
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Conditions on the ample sets

C0 For all q ∈ Q, s ∈ S: en(q) 6= ∅ =⇒ amp(q, s) 6= ∅
C1 For all q ∈ Q, s ∈ S, and paths in P starting from q:

I no operation dependent on an operation in amp(q, s) can occur before some operation in
amp(q, s) occurs

C2 For all q ∈ Q, s ∈ S:
I if amp(q, s) 6= en(q) then ∀α ∈ amp(q, s), α is invisible

C3 [weaker version] In any cycle in A′:
I there is a transition from 〈q, s〉 to 〈q′, s′〉 for which amp(q, s′) = en(q)

Combined Theorem:

If L(B) is stutter-invariant and C0–C3 hold, then L(A′) = ∅⇔ L(A) = ∅.
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amp(q, s) occurs

C2 For all q ∈ Q, s ∈ S:
I if amp(q, s) 6= en(q) then ∀α ∈ amp(q, s), α is invisible

C3 [weaker version] In any cycle in A′:
I there is a transition from 〈q, s〉 to 〈q′, s′〉 for which amp(q, s′) = en(q)

Combined Theorem:

If L(B) is stutter-invariant and C0–C3 hold, then L(A′) = ∅⇔ L(A) = ∅.
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Counterexample to combined theorem

A

B

?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

{p}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0 1?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> {p}

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

amp 0 1

A {α, β} {α}
B {α} {α}

A1A0

B1B0

↵,?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�,?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

↵,?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�,?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

↵, {p}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

C0 For all q ∈ Q, s ∈ S: en(q) 6= ∅ =⇒ amp(q, s) 6= ∅
C1 For all q ∈ Q, s ∈ S, and paths in P starting from q:

I no operation dependent on an operation in amp(q, s) can occur before some operation in
amp(q, s) occurs

C2 For all q ∈ Q, s ∈ S: if amp(q, s) 6= en(q) then ∀α ∈ amp(q, s), α is invisible

C3 In any cycle in A′: there is a transition from 〈q, s〉 to 〈q′, s′〉 for which amp(q, s′) = en(q)
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Spin

bit p = 0;

active proctype p0() { p=1 }

active proctype p1() { bit x=0; do :: x=0 od }

never {

B0: do :: !p :: !p -> break od

accept_B1: do :: p od

}

p:0

p:1

?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

{p}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p=1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x=0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x=0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

B0 B1?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> {p}

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

$ spin -a test1.pml; cc -o pan -DNOREDUCE pan.c; ./pan -a -n

pan:1: acceptance cycle (at depth 2)

...

$ spin -a test1.pml; cc -o pan pan.c; ./pan -a -n

warning: for p.o. reduction to be valid the never claim must be stutter-invariant

(never claims generated from LTL formulae are stutter-invariant)

+ Partial Order Reduction

State-vector 36 byte, depth reached 2, errors: 0

3 states, stored

2 states, matched

5 transitions (= stored+matched)

23 S.F.Siegel � Subodh’s Class � Algorithmic Analysis of POR Scheme Using Alloy



Spin

bit p = 0;

active proctype p0() { p=1 }

active proctype p1() { bit x=0; do :: x=0 od }

never {

B0: do :: !p :: !p -> break od

accept_B1: do :: p od

}

p:0

p:1

?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

{p}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p=1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x=0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x=0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

B0 B1?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> {p}

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

$ spin -a test1.pml; cc -o pan -DNOREDUCE pan.c; ./pan -a -n

pan:1: acceptance cycle (at depth 2)

...

$ spin -a test1.pml; cc -o pan pan.c; ./pan -a -n

warning: for p.o. reduction to be valid the never claim must be stutter-invariant

(never claims generated from LTL formulae are stutter-invariant)

+ Partial Order Reduction

State-vector 36 byte, depth reached 2, errors: 0

3 states, stored

2 states, matched

5 transitions (= stored+matched)

23 S.F.Siegel � Subodh’s Class � Algorithmic Analysis of POR Scheme Using Alloy



Spin

bit p = 0;

active proctype p0() { p=1 }

active proctype p1() { bit x=0; do :: x=0 od }

never {

B0: do :: !p :: !p -> break od

accept_B1: do :: p od

}

p:0

p:1

?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

{p}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p=1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x=0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x=0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

B0 B1?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> {p}

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

$ spin -a test1.pml; cc -o pan -DNOREDUCE pan.c; ./pan -a -n

pan:1: acceptance cycle (at depth 2)

...

$ spin -a test1.pml; cc -o pan pan.c; ./pan -a -n

warning: for p.o. reduction to be valid the never claim must be stutter-invariant

(never claims generated from LTL formulae are stutter-invariant)

+ Partial Order Reduction

State-vector 36 byte, depth reached 2, errors: 0

3 states, stored

2 states, matched

5 transitions (= stored+matched)
23 S.F.Siegel � Subodh’s Class � Algorithmic Analysis of POR Scheme Using Alloy



Finding Counterexamples to POR Claims

Alloy

I specification language based on relational/first order logic

I a model specifies “signatures” (sets), relations,
constraints

The Alloy Analyzer
given

I an Alloy model

I an assertion

I an upper bound on the size of
each signature

produces either
I “assertion may hold”

I it holds within the bounds, or

I “assertion is violated”
I with a counterexample
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Finding Counterexamples to POR Claims, cont.

I constructed Alloy model of on-the-fly ample-set POR
I 71 lines of Alloy code (reproduced in paper in entirety)

I modeled in complete generality
I program, operation, independence, invisiblity, Büchi automaton, ample set, product

automaton, language emptiness

I asserted L(A′) = ∅⇔ L(A) = ∅
I could not find a way to model stutter-invariance in Alloy

I resorted to specifying concrete Buchi automata for most experiments
I counterexample shown earlier

I I specified the Büchi automaton
I Alloy found the (minimal) program and ample sets

fact C1 {

all q: PState, s: BState | let A=amp[q,s] |

let r = { q1, q2: PState | some op: Operation-A |

q1->op->q2 in nextState } |

all q’: q.*r, op1: q’.enabled-A, op2: A | independent[op1, op2]

}
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Variations on the Combined Theorem

I make the ample set a function of the source product state
I not of the intermediate state

Define A′:

q s s′ (q, s) (q, s′)

q′ (q′, s′)

α

L(q) L(q)

α,L(q)
α

α ∈ amp(q, s)

C0–C2: (same)

C3: In any cycle in A′:
I there is a state 〈q, s〉 for which amp(q, s) = en(q)

I minor changes to the Alloy model

I Alloy Analyzer: previous Büchi automaton now OK!
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New counterexample
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?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

{p}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

{p}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

A2

A0

A1B1 B2

B3

�,?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

↵,?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

↵,?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�,?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�,?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

↵,?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

↵,?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�,?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

↵, {p}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> ↵, {p}

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

amp 0 1 2 3

A {α} {α, β} {α} {α, β}
B {α} {α} {α} {α}

Note: only A0 and A2 are not fully enabled
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Is there a fix?

I define a “stutter-invariant normal form” for Büchi automata

I every BA with a SI language can be transformed into SI normal form
I similar ideas in literature

I Etessami 1999 (Muller automata)
I Holzmann & Kupferman 1997 (Büchi transition system)

Consequence of normal form:

1. If s1
a→ s2

b→ s3 is a path in B, then for some s′2 ∈ S, s1
a→ s2

a→ s′2
b→ s3 is a path in B.

2. If s1
a→ s2

a→ s3
b→ s4 is a path in B, then s1

a→ s2
b→ s4 is a path in B. Moreover, if s3 is

accepting, then s2 is accepting.

I this is all you need to make on-the-fly POR work
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A Fix: Stutter-Invariant Normal Form

Theorem
If B is in SI normal form and C0–C3 holds, then L(A′) = ∅⇔ L(A) = ∅.

I a (LATEX) proof is in the paper

I proof goes through for original and variant schemes
I verified for Alloy for small scope [thanks to reviewers]

I ≤ 3 symbols in alphabet Σ
I ≤ 4 states in the Büchi automaton
I ≤ 6 transitions in Büchi automaton
I ≤ 3 operations in program
I ≤ 4 program states
I ≤ 16 product states
I time: 2,265 seconds
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Conclusions

1. a theorem combining on-the-fly model checking and POR is incorrect
I a theoretical counterexample
I for same reason, Spin can declare an erroneous program correct

2. but can be fixed by restricting to certain normalized Büchi automata
I what other classes of Büchi automata are OK?

3. Alloy is an effective tool for checking POR algorithms
I models can be constructed with little effort
I can find counterexamples quickly
I can verify correctness within small scopes

4. but even better would be mechanized proofs of correctness
I see Brunner & Lammich, 2018

I Formal verification of an executable LTL model checker with partial order reduction, J.
Automated Reasoning

5. perhaps the best approach
I use Alloy to prototype (quick iterations)
I once Alloy says everything is OK, invest in a full mechanized proof
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3. Alloy is an effective tool for checking POR algorithms
I models can be constructed with little effort
I can find counterexamples quickly
I can verify correctness within small scopes

4. but even better would be mechanized proofs of correctness
I see Brunner & Lammich, 2018

I Formal verification of an executable LTL model checker with partial order reduction, J.
Automated Reasoning

5. perhaps the best approach
I use Alloy to prototype (quick iterations)
I once Alloy says everything is OK, invest in a full mechanized proof

30 S.F.Siegel � Subodh’s Class � Algorithmic Analysis of POR Scheme Using Alloy



Conclusions

1. a theorem combining on-the-fly model checking and POR is incorrect
I a theoretical counterexample
I for same reason, Spin can declare an erroneous program correct

2. but can be fixed by restricting to certain normalized Büchi automata
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